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EXACT STATIC SOLUTIONS FOR FLUID GRAVITATING BALLS 
IN HOMOGENEOUS COORDINATES 
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Two new classes of exact interior static solutions of the Einstein equations in homogeneous coordinates for a gravi- 
tating ball filled by a Pascal perfect fluid are obtained. Schwarzschild's interior solution of is a special case of these 
solutions. 



1. Introduction 

The choice of a coordinates' system can simplify the 
representation of the Einstein equations. A spherically 
symmetric metric interval in 4D space-time is usually 
written in of the curvature coordinates. In this paper, 
we make use of the homogeneous coordinates according 
to the Weyl remark [1] that the 3D spherical metric in- 
terval is conformally flat in such coordinates. So the 
static spherically symmetric metric interval for an in- 
terior gravitational field of a fluid stellar model with a 
general distribution of mass density is written as 



ds^ = A{r)dt^ - B{r) {dr^ + r^{de^ + sin^ 9 dip^)) 
= Rl{A{x)dT^ - B{x)df). 



(1) 



Here we introduce the dimcnsionless coordinates t = 
t/Ro] X — r/Ro] < a; < 1, where t is the time vari- 
able; r is the radial variable; 9; ip are angular variables; 
Rq is a stellar exterior radius; dP = {dx^ + x^{d9^ + 
SVC? 9 dLp^)); the velocity of light c—l; A{x) and B{x) 
are metric functions. 



2. The first class of solutions 

The Einstein equations for the energy-momentum tensor 
of Pascal's perfect fluid 



Tali = iKx) + p{x)) UaU/S - p{x) 2^(3 



(2) 



are transformed to three equations for A{x) and B{x) 
functions. The 4-velocity in a comoving frame of refer- 
ence is equal to Ua = 5^\/ A{x)Rq. 

In the case with /i — const (a homogeneous distri- 
bution of mass), one of these equations may be rewritten 
as Emden's equation [2] 



d%{x) 2 dh(x) 



dx^ 



dx 



+ 5(x)5 =0. 



(3) 
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From this equation we can find the function B(x) 
and then, from other gravitational equations, we obtain 
function A{x) [3] 



Bsch. {x) 



(C2 



Asch.{x) 



(4) 



Thus we have obtained Schwarzschild's interior so- 
lution in homogeneous coordinates. The Weyl tensor is 
equal to zero for such exact solution which describes the 
conformally flat 4D space-time. The junction conditions 
on the stellar surface give connections of constants with 
compactness 77 = 2m/ Rq, where m is Schwarzschild's 
mass and < < 1 . 

When ii{x) is a function of x, we take the function 
B{x) as a generalization of the case with a homogeneous 
distribution of mass density in the form 



{C2 + X2)'= 



CiY{x)- 



(5) 



where Y{x) — (C2 + a;^) and < /c < 2, then we can 
get functions Ain{x) , fJ.{x) and p{x): 



p{x) 



Ain (x) 



kY{xf-' 
S-kRICi 

Y{xf-'^ 
A-kRICi 



CiY{x)'' - C3 



(6) 



■[{2-k)Y{x) + {k + A)C2\; (7) 
C.3 + C4r(x)A 



Y{x) + 7kC2 



xA((fc-l)y(x)-fcC2) 



C3 - CiY{x)^ 
- ifJ-ix), 



(8) 



where A = \/2k^ — 4fc + 1 > and the parameter k can 
have values fc = (O; 1 - l/\/2] U [l + 1/^2; 2] . 

In this case, the functions B(x) and iJ-{x) are chosen 
as nonsingular functions for the stellar source. We also 
take the pressure equal to zero on the stellar surface. 
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So the metric interval (1) may be rewritten as 



ds' = 



y(x)* 



(9) 

Now we must find the constants Ci , C2 , C3 and C4 
for a final result. 

As an exterior solution, we take the Schwarzschild 
exterior solution in homogeneous dimensionless coordi- 
nates (see, e.g., [4]) 



Using the smooth junction conditions on the 2D stel- 
lar surface with the exterior solution in the form (10) in 
homogeneous coordinates, we have 



k{A + r]) 



2rj 



fc(4 + r/) 

O2 = — 1, 

2?7 




From a requirement C2 > it follows 

fc(r7 + 4) 



(11) 
(12) 

(fe-3-l-A)/2 



(13) 

(fe-3-A)/2 



(14) 



2j? 



1 > 



2r] 4fc , , 
k > — -^-T or 77 < -. (15) 



r/ + 4 



2-k 



If the parameter k is in the range (O; 1 — l/\/2] , 
then the compactness 77 has values in the interval 
[0; 4(v^- 1)/(V2 + 1)) « [0; 0.686). If fc > 1 + 1/^2, 
then parameter 77 is arbitrary. 

As a result, all functions of the first-class solutions 
may be rewritten in a clear form: 



Binix) = (1 + I) 



1- 



k 7] + 4 



nix) 



= (l + |)%(.x)-^ 

(j?-4)(fc-l- A)-4fc 
2A(r] + 4) 

x(l-^4'(a;)^) 

1287? ^{x)''-^ 



(16) 



*(a;) 



(l-feA)/2, 



(17) 



[l2k + r]{k-2){3-x^)\, (18) 



wRlk {j] + 4)6 
where the following notations are used: 

(r?-4)(A:-l-hA)-4fc 



*(a;) 



(r/-4)(fc-l-A)-4fc' 
2r] (l-x^)" 



1 - 



k (77 + 4) 



(19) 
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Figure 1. Behavior of the metric functions A{x) = 
gao{x) and B{x) = gii{x) of the complete solutions 
belonging to the first and second classes with rj = 
0.2 and k = 0.1003. The number corresponds to 
Schwarzschild's interior solution. The numbers 1 and 2 
correspond to the first and second classes of solutions. 

3. The second class of solutions 

Now we shall generalize the function A[x) from (4) by 
a similar way. The function A{x) is defined as 

Air,{x)=C,{C2-x^) = C^Y{x)''. 



(20) 



Then the Einstein equations give 



p{x) = 



Bin{x) = 
y(2.')fc-A-l 



Y{x) 



(A-l-/c)/2 



CiYix)^ - C3 
(k^Y{x)-C2) -2C2{1+A) 



(21) 



; {Cs + CiYix)'') ' + (y{x){1 + fc2) + C2(1 + a - /e^)) x 



(22) 



kiCs-C^nxY^ 
^^^^ 47ri?2y(a;)i+A-'= 



(3C2-A(y(x)-C2))x 



: (C3 - C4Y{x)^) + 2AC3{Y{x) - C2) 



3p{x), (23) 



where A = \/l + 2k'^. 

Under the smooth junction conditions with Schwarzschil's 
exterior solution, the new constants are 



Ci 





\ 1 




fc(16-r?2)_ 



(24) 



Exact static solutions for fluid gravitating balls in homogeneous coordinates 
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Figure 2. Behavior of the mass density of the 

total solutions belonging to the first and the second 
classes with r] = 0.2, k = 0.1003 and a central mass 
density /io = const. The number corresponds to 
Schwarzschils's interior solution. The numbers 1 and 
2 correspond to the first and the second classes of solu- 
tions. 



fc(16-r?^) 

O2 = z i. 



8r] 



C3 = 

C74 = 



2(4(A + l) + fc??) 
iv + 4)2A 

2(4(A- 1) - krj) 
(77 + 4)2A 



8r? 



fc(16-r?2) 

8?? 



/c(16-r/2) 



(l+/s-A)/2 



(l+fe+A)/2 



Finally, we have bounds for the parameter k 

80 + 40rj - 7r/2 + x > ^ > 4?7 



(25) 
(26) 
(27) 

(28) 



^3 _ 10^2 _ + 480 - 2 - (16 - r?^) ' 
where x is 

X = Vl V - 240r?3 + 2528r?2 - 8960/? + 6400. (29) 
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4. Summary 

The two classes of interior exact solutions of Einstein's 
equations, found in the paper, describe the gravitational 
field of a ball filled with a Pascal perfect fluid. These 
solutions correspond to a static stellar model which is a 
generalization of Schwarzschild's interior solution. Lim- 
iting conditions for the parameters have been found. 
The results of this study have been applied to a neutron 
star model with 77 = 0.2 and the parameter k = 0.1003. 
Plots of the metric functions and the mass density have 
been constructed. 



